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This paper is concerned with the study of asymptotic spatial behaviour of solutions in a mixture consisting of two ther-
moelastic solids. A second-order diﬀerential inequality for an adequate volumetric measure and the maximum principle for
solutions of the one-dimensional heat equation are used to establish a spatial decay estimate of solutions in an unbounded
body occupied by the mixture. For a ﬁxed time, the result in question proves that the mechanical and thermal eﬀects are
controlled by an exponential decay estimate in terms of the square of the distance from the support of the external given
data. The decay constant depends only on the thermal constitutive coeﬃcients of the mixture.
 2007 Elsevier Ltd. All rights reserved.
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The importance of the theory of mixtures was recognized long ago when the basic concepts of the theory
have been established and the possible applications of the mathematical models have been identiﬁed. Extensive
reviews on the subject in concern can be found in the works of Bowen (1976), Atkin and Craine (1976a,b),
Bedford and Drumheller (1983) and in the books of Samohyl (1987) and Rajagopal and Tao (1995).
In general, the theories of mixtures describe the interaction between ﬂuids and gases, and the Eulerian
description is used. In contrast to mixtures of ﬂuids, the theory on mixtures of solids is developed naturally
in the Lagrangian description and it leads to diﬀerent results. The Lagrangian description has been used
for the ﬁrst time by Bedford and Stern (1972a,b) in order to derive a mixture theory of binary elastic solids.
In this theory the independent constitutive variables are displacement gradients and the relative displacement.
The Lagrangian description was used by Pop and Bowen (1978) to establish a theory of mixtures with long-
range spatial interaction, Tiersen and Jahanmir (1977) to derive a theory of composites, Iesan (1992) to elab-
orate on a binary mixture theory of nonsimple elastic solids.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.11.010
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tures of thermoelastic solids developed by Iesan (1991). In this theory, developed in Lagrangian description,
the independent constitutive variables are the displacement gradients, relative displacement, temperature and
temperature gradient. In the context of the linear theory, we recall that various mathematical problems have
been investigated. So, uniqueness theorems have been obtained by Iesan (1991) and Nappa (1997), existence
results have been presented by Martı´nez and Quintanilla (1995), a reciprocal relation and a variational theo-
rem of Gurtin type have been established by Nappa (1997), continuous dependence results and a spatial decay
estimate of an energetic measure have been derived by Pompei and Scalia (1999) and some exponential esti-
mates for solutions describing harmonic vibrations have been presented by Passarella and Zampoli (2007).
Our analysis in the present paper is based on some qualitative methods involving second-order partial dif-
ferential inequalities. We improve the previous results obtained by Pompei and Scalia (1999) for the linear
dynamic theory of thermoelastic solids by establishing an estimate which describes the asymptotic behaviour
of solutions. In this sense, we follow the research line initiated by Horgan et al. (1984) (for parabolic equa-
tions) and Quintanilla (2001a) (for combinations of parabolic with hyperbolic equations), and developed fur-
ther by Quintanilla (2001b,c, 2002a,b), Pompei and Scalia (2002), Boﬁll et al. (2002), Magan˜a and Quintanilla
(2006) and references therein. For a certain class of solutions, we argue that the Saint-Venant’s type estimate
deduced by Pompei and Scalia (1999) may be extended to an unbounded body and further it can be used to
introduce a volumetric measure of solutions. Then, we prove that this volumetric measure satisﬁes a second-
order diﬀerential inequality. The maximum principle for parabolic diﬀerential equalities (see Protter and
Weinberger (1967)) and the solution for one-dimensional heat equation lead to various estimates for the mea-
sure in question. Using a result of the types deduced by Horgan et al. (1984) and Quintanilla (2001a) we infer
that for ﬁxed time, at large distance to the support of the given data, the decay of solution is described by an
estimate whose dominant term is an exponential of the square of the distance from the support of the external
given data. The decay constant depends only on the thermal constitutive coeﬃcients of the mixture, so that we
can conclude that the mechanical eﬀects decay more rapidly than the thermal eﬀects.
2. Basic equations
We consider a body that in the reference conﬁguration taken at time t ¼ 0, occupies the unbounded regular
region B of Euclidian three-dimensional space and assume that its boundary oB is a piecewise smooth surface.
A chemically inert mixture consisting of two thermoelastic solids, s1 and s2, ﬁlls B.
We refer the motion of the body to a ﬁxed system of rectangular Cartesian axes. We shall employ the usual
summation and diﬀerentiation conventions: Latin subscripts are understood (unless otherwise speciﬁed) to
range over the integers (1,2,3), summation over repeated subscripts is implied, subscripts preceded by a
comma denote partial diﬀerentiation with respect to the corresponding Cartesian coordinate, and a super-
posed dot denotes time diﬀerentiation. Greek indices understood to range over the integers (1,2) and summa-
tion convention are not used for these indices.
According to the linear theory (see Iesan (1991), Nappa (1997), Martı´nez and Quintanilla (1995)) the fun-
damental system of ﬁeld equations that governs the motion of an anisotropic and centrosymmetric mixture
consists of:
–the equations of motiontji;j  pi þ q01F ð1Þi ¼ q01€ui;
sji;j þ pi þ q02F ð2Þi ¼ q02€wi; in B ð0;1Þ;
ð2:1Þwhere q01 and q
0
2 are the densities at time t ¼ 0 of the two constituents, tij and sij are the partial stress tensors,
F ð1Þi and F
ð2Þ
i are the body forces, ui and wi are the displacement vectors ﬁelds and pi is the internal body force;
–the energy equationq0T 0 _g ¼ qi;i þ q0r; in B ð0;1Þ; ð2:2Þ
where q0 ¼ q01 þ q02, T 0 is the constant absolute temperature of the body in the reference conﬁguration, qi is the
heat ﬂux vector, g is the entropy and r is the heat supply;
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sji ¼ Brsijers þ Cijrsgrs  cijh;
pi ¼ aijdj;
q0g ¼ bijeij þ cijgij þ ah;
qi ¼ kijh;j; in B ð0;1Þ;
ð2:3Þwhere h is the temperature variation from the uniform reference temperature T 0; eij, gij and di are deﬁned byeij ¼ 1
2
ðui;j þ uj;iÞ; gij ¼ wi;j þ uj;i; di ¼ ui  wi; ð2:4Þand Aijrs, Bijrs, Cijrs, bij, cij, aij, a and kij are the constitutive coeﬃcients.
The above coeﬃcients have the following symmetriesAijrs ¼ Ajirs ¼ Arsij; Bijrs ¼ Bjirs; Cijrs ¼ Crsij;
aij ¼ aji; bij ¼ bji;
ð2:5Þand moreover, the second law of thermodynamics implies thatkijaiaj P 0; for all ai 2 R: ð2:6Þ
Throughout this paper we assume that:
(i) F ð1Þi , F
ð2Þ
i and r are continuous on B ½0;1Þ;
(ii) q01, q
0
2 and the constitutive coeﬃcients are continuous and bounded ﬁelds on the closure B of B. More-
over, we assume that the constitutive coeﬃcients are continuous diﬀerentiable functions;
(iii) q01, q
0
2 and a are strictly positive ﬁelds on B so that we haveq01ðxÞP qm1 > 0; qm1 ¼ const:;
q02ðxÞP qm2 > 0; qm2 ¼ const:;
qm0 ¼ minfqm1 ; qm2 g;
aðxÞP a0 > 0; a0 ¼ const:;
ð2:7Þ(iv) kij is a symmetric positive deﬁnite tensor so that we havekmaiai 6 kijaiaj 6 kMaiai; for all ai 2 R; ð2:8Þwhere km and kM are strictly positive and denote the minimum and maximum conductivity moduly for kij on
B. It follows then, thatqiqi 6 kMkijh;ih;j; ð2:9Þ
(v) the quadratic form W deﬁned byW ¼ 1
2
Aijrseijers þ Bijrseijgrs þ
1
2
Cijrsgijgrs þ
1
2
aijdidj; ð2:10Þis positive deﬁnite in terms of eij, gij and di. This means that there exists the positive constants lm, lM and j so
thatlmðeijeij þ gijgij þ jdidiÞ 6 2W 6 lMðeijeij þ gijgij þ jdidiÞ: ð2:11Þ
The constant 1ﬃﬃjp has the dimension of length.
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every positive number e1, the following estimate holdstijtij þ sijsij 6 6lMð1þ e1ÞW þ 1þ
1
e1
 
b2h2; ð2:12Þwhereb ¼ ½max
B
fðbij þ cijÞðbij þ cijÞg1=2 þ ½max
B
fcijcijg1=2: ð2:13ÞProof. Corresponding to the partial stress tensors tij and sij, we introduce the ﬁeld T :¼ fT ij; Sijg, whereT ij ¼ 1
2
ðtij þ tjiÞ; Sij ¼ tij þ sji: ð2:14ÞBy using the symmetry of the tensor T ij and the arithmetic–geometric mean inequality, it is easy to prove the
inequalitiesT ijT ij ¼ T ijtij ¼ 1
2
ðtijtij þ tjitijÞ 6 1
2
tijtij þ 1
2
ðtijtij þ tjitjiÞ
 
¼ tijtij;andSijSij ¼ ðtij þ sjiÞðtij þ sjiÞ ¼ tijtij þ sjisji þ 2tijsji 6 2ðtijtij þ sijsijÞ;
so that, we haveT ijT ij þ SijSij 6 3ðtijtij þ sijsijÞ: ð2:15Þ
Moreover, for E :¼ feij; gijg and T :¼ fT ij; Sijg, we introduce the bilinear formF ðE;TÞ ¼ 1
2
½AijrseijT rs þ BijrsðeijSrs þ grsT ijÞ þ CijrsgijSrs: ð2:16ÞIn view of the assumption (v), we deduceFðE;EÞ 6 W ;
FðT;TÞ 6 lM
2
ðT ijT ij þ SijSijÞ;
ð2:17Þand the following Cauchy–Schwartz’s inequalityF ðE;TÞ 6 ½FðE;EÞ1=2½FðT;TÞ1=2: ð2:18Þ
Collecting (2.15), (2.17) and (2.18), we obtainF ðE;TÞ 6 3
2
lMW
 1=2
ðtijtij þ sijsijÞ1=2: ð2:19ÞFrom the constitutive Eqs. (2.3)1–(2.3)2 and the relations (2.14) and (2.16) we obtaintijtij þ sijsij ¼ Aijrserstij þ Bijrsðgrstij þ eijtrs þ eijssrÞ þ Cijrsgrsðtij þ sjiÞ  ðbij þ cijÞhtij  cjihsij
¼ 2FðE;TÞ  ðbij þ cijÞhtij  cjihsij: ð2:20ÞBy using the Schwartz’s inequality and the relation (2.19), we obtaintijtij þ sijsij 6 ð6lMW Þ1=2 þ bjhj
h i
ðtijtij þ sijsijÞ1=2; ð2:21Þ
and hencetijtij þ sijsij 6 ð6lMW Þ1=2 þ bjhj
h i2
: ð2:22Þ
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Let us consider the subsets Sp ðp ¼ 1; 2; 3; 4Þ of oB so that S1 [ S2 ¼ S3 [ S4 ¼ oB, S1 \ S2 ¼ S3 \ S4 ¼ ;.
To Eqs. (2.1), (2.2), (2.3) and (2.4) we have to adjoin boundary conditions and initial conditions. We consider
the following boundary conditions:ui ¼ eui; wi ¼ ewi; on S1  ½0;1Þ;
ðtji þ sjiÞnj ¼ et i; di ¼ ~di; on S2  ½0;1Þ;
h ¼ eh; on S3  ½0;1Þ; qini ¼ eq; on S4  ½0;1Þ;
ð2:23Þwhere eui, ewi, et i, ~di, eh and eq are given and ni are the components of the outward unit normal vector. We denote
by ðPÞ the initial boundary value problem deﬁned by the basic Eqs. (2.1) and (2.2), the constitutive Eq. (2.3),
the geometrical Eq. (2.4), the boundary conditions (2.23) and the initial conditionsuiðx; 0Þ ¼ u0i ðxÞ; wiðx; 0Þ ¼ w0i ðxÞ; hðx; 0Þ ¼ h0ðxÞ;
_uiðx; 0Þ ¼ v0i ðxÞ; _wiðx; 0Þ ¼ z0i ðxÞ; x 2 B;
ð2:24Þwhere u0i , w
0
i , h0, v
0
i , z
0
i are prescribed functions. h3. Asymptotic spatial behaviour
In order to study the spatial behaviour of the solutions we introduce ﬁrst the support of the given data.
Let U ¼ fui;wi; hg be a solution of the initial boundary value problem ðPÞ corresponding to the given data
D ¼ fF ð1Þi ; F ð2Þi ; r; eui; ewi; et i; ~di; eh; eq; u0i ;w0i ; h0; v0i ; z0i g and the ﬁxed interval ½0; s0, s0 2 ½0;1Þ. Following the
method developed by Chirita˘ and Ciarletta (1999) for the study of spatial behaviour in linear dynamics of
continua, we introduce the set bDs0 of the all points in B so that:
(i) if x 2 B thenu0i ðxÞ 6¼ 0 or w0i ðxÞ 6¼ 0 or h0ðxÞ 6¼ 0 or v0i ðxÞ 6¼ 0 or z0i ðxÞ 6¼ 0; ð3:1Þ
orF ð1Þi ðx; sÞ 6¼ 0 or F ð2Þi ðx; sÞ 6¼ 0 or rðx; sÞ 6¼ 0 for some s 2 ½0; s0; ð3:2Þ
(ii) if x 2 oB theneuiðx; sÞ 6¼ 0 or ewiðx; sÞ 6¼ 0 or et iðx; sÞ 6¼ 0 or ~diðx; sÞ 6¼ 0 orehðx; sÞ 6¼ 0 or eqðx; sÞ 6¼ 0 for some s 2 ½0; s0: ð3:3Þ
Roughly speaking, bDs0 represents the support of the initial and boundary data and the body supplies on the
time interval ½0; s0. In what follows we shall assume that bDs0 is a bounded properly regular region and we
choose the Cartesian system of coordinate so that bDs0 is enclosed in the half-space x3 < 0. Otherwise, we will
substitute bDs0 by the smallest properly regular region including bDs0 and which is contained in B. On this basis
we introduce the notation Sl for the open cross-section of B for which x3 ¼ l, lP 0 and whose unit normal
vector is (0,0,1). The corresponding curvilinear boundary will be denoted by oSl. We assume that the
unbounded set B is so that Sl is bounded for all ﬁnite l 2 ½0;1Þ. We further denote by Bl that portion of
B in which x3 > l, and we set Bðl1; l2Þ ¼ Bl2 n Bl1 , l1 > l2.
We recall that the distance of a point x 2 B to the set bDs0 is
Lx ¼ min ½ðxi  yiÞðxi  yiÞ1=2 : y 2 bDs0n o: ð3:4ÞWe denote by M the set of functions fuiðx; tÞ;wiðx; tÞ; hðx; tÞg for which the following relation holds true
lim
Lx!1
_uiðx; tÞ ¼ 0; lim
Lx!1
_wiðx; tÞ ¼ 0; lim
Lx!1
hðx; tÞ ¼ 0; uniformly in t 2 ½0;1Þ: ð3:5Þ
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following measure Jðl; tÞ deﬁned byJðl; tÞ ¼ 
Z t
0
Z s
0
Z
Bl
t3iðsÞ _uiðsÞ þ s3iðsÞ _wiðsÞ þ 1T 0 q3ðsÞhðsÞ
 
dvdsds ; lP 0; t 2 ½0; s0: ð3:6ÞSince the integral in (3.6) is an improper integral, we prove in Appendix that the conditions (3.5) and the
positiveness assumptions upon the constitutive coeﬃcients lead to 0 6 Jðl; tÞ < 1 and moreover, the follow-
ing equality holds true:oJ
ol
ðl; tÞ ¼  1
2
Z t
0
Z
Bl
½q01 _uiðsÞ _uiðsÞ þ q02 _wiðsÞ _wiðsÞ þ ah2ðsÞ þ 2W ðUðsÞÞdvds

Z t
0
Z s
0
Z
Bl
1
T 0
kijh;iðsÞh;jðsÞdvdsds: ð3:7ÞIn the following we consider initial boundary values problems for which S4  ðB n B0Þ. Therefore, we havehðx; tÞ ¼ 0; on ðoB0 n S0Þ  ½0; s0: ð3:8Þ
For these kind of initial boundary value problems, denoted in the following by ðPÞ, we can write the measure
J in an alternative form. First we note that the constitutive Eq. (2.3)5 may be used to writeZ
Bl
1
T 0
q3ðsÞhðsÞdv ¼
Z
Bl
1
T 0
k3ih;iðsÞhðsÞdv ¼
Z
Bl
1
2T 0
k3ih
2ðsÞ
 
;i
 1
2T 0
k3i;ih
2ðsÞ
" #
dv
¼
Z 1
l
Z
oSn
1
2T 0
k3ah
2ðsÞnadr
 !
dnþ
Z 1
l
Z
Sn
1
2T 0
k33h
2ðsÞ
 
;n
da
" #
dn

Z
Bl
1
2T 0
k3i;3h
2ðsÞdv: ð3:9ÞThen, we remark that the relation (3.8) leads toZ
oSn
1
2T 0
k3ah
2ðsÞnadr ¼ 0Z
Sn
1
2T 0
k33h
2ðsÞda
 !
;n
¼
Z
Sn
1
2T 0
k33h
2ðsÞ
 
;n
da;and hence the relation (3.9) becomesZ
Bl
1
T 0
q3ðsÞhðsÞdv ¼ 
Z
Sl
1
2T 0
k33h
2ðsÞda
Z
Bl
1
2T 0
k3i;3h
2ðsÞdv: ð3:10ÞSo that, from (3.6) and (3.10) it follows that the measure J can be written in the formJðl; tÞ ¼ 
Z t
0
Z s
0
Z
Bl
t3iðsÞ _uiðsÞ þ s3iðsÞ _wiðsÞ  1
2T 0
k3i;ih
2ðsÞ
 
dvdsds
þ
Z t
0
Z s
0
Z
Sl
1
2T 0
k33h
2ðsÞdadsds: ð3:11ÞThe above expression is useful to derive the following second–order partial diﬀerential inequality:
Lemma 2. Let U ¼ fui;wi; hg be solution of the initial boundary value problem ðPÞ corresponding to the given
data D ¼ fF ð1Þi ; F ð2Þi ; r; eui; ewi; et i; ~di; eh; eq; u0i ;w0i ; h0; v0i ; z0i g in the constraint set for which (3.5) holds true. Then,
the volumetric measure Jðl; tÞ satisfies the inequality
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ot
ðl; tÞ 6 c1 oJol ðl; tÞ þ c2
o2J
ol2
ðl; tÞ l 2 ½0;1Þ; t 2 ½0; s0; ð3:12Þwherec1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3lMð1þ beÞ
qm0
s
; c2 ¼ sup
x2B
jk33j
aT 0
; ð3:13Þbe is the positive root of the algebraic equation
be4 þ 2 2b2
3a0lM
 q
m
0K
2
3lM
 be3 þ 1þ b4
9a20l
2
M
 4b
4
3a0lM
 q
m
0K
2
3lM
 be2 þ 2b2
3a0lM
b2
3a0lM
 1
 be þ b4
9a20l
2
M
¼ 0;
ð3:14Þ
andK ¼ sup
x2B
jk3i;ij
aT 0
: ð3:15ÞProof. From (3.11), by a direct diﬀerentiation, we deduceoJ
ot
ðl; tÞ ¼ 
Z t
0
Z
Bl
t3iðsÞ _uiðsÞ þ s3iðsÞ _wiðsÞ  1
2T 0
k3i;ih
2ðsÞ
 
dvdsþ
Z t
0
Z
Sl
1
2T 0
k33h
2ðsÞdads: ð3:16ÞMoreover, in view of the relation (3.7) we obtainoJ 2
ol2
ðl; tÞ ¼ 1
2
Z t
0
Z
Sl
½q01 _uiðsÞ _uiðsÞ þ q02 _wiðsÞ _wiðsÞ þ ah2ðsÞ þ 2W ðUðsÞÞdads
þ
Z t
0
Z s
0
Z
Sl
1
T 0
kijh;iðsÞh;jðsÞdadsds: ð3:17ÞOn the basis of the Schwarz’s inequality and the arithmetic–geometric mean inequality, from (3.16) we obtainoJ
ot
ðl; tÞ 6 1
2
Z t
0
Z
Bl
1
e2
ðq01 _uiðsÞ _uiðsÞ þ q02 _wiðsÞ _wiðsÞÞ þ
e2
qm0
ðtijðsÞtijðsÞ þ sijðsÞsijðsÞÞ

þ jk3i;ij
T 0a
ah2ðsÞ

dvds
þ
Z t
0
Z
Sl
jk33j
T 0a
a
2
h2ðsÞdads
6 1
2
Z t
0
Z
Bl
1
e2
ðq01 _uiðsÞ _uiðsÞ þ q02 _wiðsÞ _wiðsÞÞ þ
3e2lMð1þ e1Þ
qm0
2W ðUðsÞÞ

þ K þ e2b
2
a0qm0
1þ 1
e1
  
ah2ðsÞ

dvdsþ c2
Z t
0
Z
Sl
a
2
h2ðsÞdads; ð3:18Þwhere c2 and K are deﬁned by (3.13)2 and (3.15), respectively, and e2 is an arbitrary positive parameter. We
equate now the coefﬁcients of the various energy terms in the ﬁrst integral in (3.18). We have1
e4
¼ 3e2lMð1þ e1Þ
qm0
¼ K þ e4b
2
a0qm0
1þ 1
e1
 
: ð3:19ÞTherefore, we sete2 ¼ 1c1 ; e1 ¼ be; ð3:20Þ
where c1 is given by (3.13)1 and be is the positive root of the Eq. (3.14). With these choices substituted in (3.18)
we obtain
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ot
ðl; tÞ 6 1
2
c1
Z t
0
Z
Bl
ðq01 _uiðsÞ _uiðsÞ þ q02 _wiðsÞ _wiðsÞ þ ah2ðsÞ þ 2W ðUðsÞÞÞdvdsþ c2
Z t
0
Z
Sl
a
2
h2ðsÞdads:
ð3:21Þ
By using the relations (3.7) and (3.17) we deduce the second-order diﬀerential inequality (3.12) and the
proof is complete. h
The above lemma leads to the following result:
Theorem 1. (Asymptotic spatial behaviour). In the hypotheses of Lemma 2, for each fixed t 2 ½0; s0 we haveJðl; tÞ 6 ðmax
s2½0;t
Jð0; sÞÞe
c1
2c2
lGðl; tÞ ð3:22ÞwhereGðl; tÞ ¼ 1
2
ﬃﬃﬃﬃﬃﬃﬃ
c2p
p
Z t
0
ls
3
2e
 l24c2sþ
c2
1
4c2
s
 
ds: ð3:23ÞProof. If we make the following change of functionJðl; tÞ ¼ e
c2
1
4c2
t
e
c1
2c2
l
Iðl; tÞ; ð3:24Þthen, we can write the relation (3.12) in the formoI
ot
ðl; tÞ 6 c2 o
2I
ol2
ðl; tÞ; l 2 ½0;1Þ; t 2 ½0; s0: ð3:25ÞIt follows from the relations (3.6), (3.11), (3.24) and (3.25) that Iðl; tÞ satisﬁesc2
o2I
ol2
ðl; tÞ  oI
ot
ðl; tÞP 0; l 2 ½0;1Þ; t 2 ½0; s0;
Iðl; 0Þ ¼ 0; l 2 ½0;1Þ
Ið0; tÞ ¼ e
c2
1
4c2
tJð0; tÞP 0; t 2 ½0; s0;
Iðl; tÞ ! 0 ðuniformly in tÞ as l !1:
ð3:26ÞBy using the maximum principle for parabolic diﬀerential equations (see Protter and Weinberger (1967)), we
getIðl; tÞ 6 Qðl; tÞ; l 2 ½0;1Þ; t 2 ½0; s0; ð3:27Þ
where Qðl; tÞ is the solution for the following one-dimensional heat equationc2
o2Q
ol2
ðl; tÞ  oQ
ot
ðl; tÞ ¼ 0; l 2 ½0;1Þ; t 2 ½0; s0;
Qðl; 0Þ ¼ 0; l 2 ½0;1Þ
Qð0; tÞ ¼ e
c2
1
4c2
tJð0; tÞP 0; t 2 ½0; s0;
Qðl; tÞ ! 0 ðuniformly intÞ as l !1:
ð3:28ÞThe solution of such a problem is given by Tikhonov and Samarskii (1964), p. 208,Qðl; tÞ ¼ c2
2
ﬃﬃﬃ
p
p
Z t
0
l
½c2ðt  sÞ3=2
e
 l2
4c2ðtsÞe
c2
1
4c2
sJð0; sÞds: ð3:29ÞFrom (3.24), (3.27) and (3.29), we obtain the estimate (3.22) and the proof is complete.
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Gðl; tÞ. Estimates for a function like Gðl; tÞ are given by Horgan et al. (1984). Using the estimate deduced by
Pompei and Scalia (2002)Gðl; tÞ 6 2lðc2t=pÞ
1=2e
 c
2
1
4c2
t
l2  c21t2
e
 l24c2 t; for l > c1t; ð3:30Þh
we obtain the following
Theorem 2. Assume the hypotheses of Lemma 2 hold true. Then, for each l 2 ð0;1Þ; l > c1t, we haveJðl; tÞ 6 ðmax
s2½0;t
Jð0; sÞÞ 1
l2  c21t2
2lðc2t=pÞ1=2e
c2
1
4c2
t
e
c1l
2c2
 l24c2 t
 
: ð3:31ÞThe above result proves that, for ﬁxed time in the interval ½0; s0Þ, at large distance to the support bDs0 of the
given data the dominant term is exp  l2
4c2t
 
. Moreover, since c2 depends only on the thermal conductibility
coeﬃcients kij and the speciﬁc heat aT 0, we can conclude that the mechanical eﬀects decay more quickly than
the thermal eﬀects.4. Concluding remarks
1. In the context of the theory of mixtures of thermoelastic solids, we have adopted a technique based on
second order diﬀerential inequalities in order to study the asymptotic spatial behaviour of solutions. This
method was introduced by Horgan et al. (1984) in order to establish spatial decay estimates in transient heat
conduction and generalized by Quintanilla (2001a) for combinations of hyperbolic with parabolic equations.
Quintanilla (2001a) proved that in a dynamical problem of thermoelasticity deﬁned on a semi–inﬁnite cylin-
drical region an energy expression is bounded above by a decaying exponential of a quadratic polynomial of
the distance. In the same research line, but for diﬀerent mathematical models we may cite the works, Quinta-
nilla (2001b,c, 2002a,b), Pompei and Scalia (2002), Boﬁll et al. (2002), Magan˜a and Quintanilla (2006) and
references therein.
2. The main result of the paper shows that, for every ﬁxed time t 2 ½0; s0, the measure Jðl; tÞ decay more
quickly than an exponential of the square of the distance to the support bDs0 of the given data.
3. In deriving of this result, we have supposed that the solution of the initial boundary value problem ðPÞ
satisﬁes the supplementary conditions (3.5). These assumptions, which are usually made when the body is
unbounded, allow to prove that the measure Iðl; tÞ deﬁned in Appendix satisﬁes the estimate (A.4). The esti-
mate (A.4) is in fact a generalization of the result obtained by Pompei and Scalia (1999) for a bounded region.
As a by-product the improper integral Jðl; tÞ, constructed by integrating Ið; tÞ over ½l;1Þ, is convergent and
represents a measure of solutions.
4. From the above discussion, it follows that when the solutions of the initial boundary value problems ðPÞ
are constrained to belong to the classM it is important to have a measure deﬁned on the cross–section Sl of
the region B which satisﬁes an exponential decay estimate similar to the estimate (A.4). This estimate assures
that the corresponding volumetric function obtained by integrating the cross–section measure on ½l;1Þ is
bounded and deﬁnes a measure of solutions.
By using this strategy, we may introduce the following volumetric measure:bJ ðl; tÞ ¼  Z t
0
Z
Bl
ecs t3iðsÞ _uiðsÞ þ s3iðsÞ _wiðsÞ þ 1T 0 q3ðsÞhðsÞ
 
dvds ¼
Z 1
l
bI ðn; tÞdn l
2 ½0;1Þ; t 2 ½0; s0; ð4:1Þwhere c is a positive parameter and
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0
Z
Sl
ecs tjiðsÞ _uiðsÞ þ sjiðsÞ _wiðsÞ þ 1T 0 qjðsÞhðsÞ
 
nj dads: ð4:2ÞWe recall that the time-weighted surface power function method developed by Chirita˘ and Ciarletta (1999)
has been used recently by Gales (2007) in the context of the viscoelastic porous mixtures. We established some
spatial estimates of Saint-Venant’s type (for bounded bodies) and some alternatives of Phragme´n–Lindelo¨f
type (for unbounded bodies). If we impose some conditions of the type (3.5), then the Phragme´n–Lindelo¨f re-
sults reduce to exponential decay estimates.
The basic equations used in this paper may be obtained formally by neglecting the viscous eﬀects and the
porous eﬀects in the equations used in the above cited paper. So that, by using the same method, we deduce for
the time–weighted surface power function bI ðl; tÞ an estimate of the kindbI ðl; tÞ 6 bI ð0; tÞ exp  c
c
l
 
; ð4:3Þwhere c is a positive constant depending on the constitutive coeﬃcients.
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Appendix A
We recall that in the context of the same mathematical model, but in the case of a centrosymmetric, homo-
geneous and isotropic mixture and for a bounded region B, Pompei and Scalia (1999) have derived a decay
estimate of Saint–Venant’s type in terms of the measureIðl; tÞ ¼ 
Z t
0
Z s
0
Z
Sl
tiðsÞ _uiðsÞ þ siðsÞ _wiðsÞ þ 1T 0 qðsÞhðsÞ
 
dadsds ; lP 0; t 2 ½0; s0; ðA:1Þwhereti ¼ tjinj; si ¼ sjinj; q ¼ qini: ðA:2ÞUnder the positiveness assumptions made in Section 2 and the assumptions (3.5), the mentioned results ob-
tained by Pompei and Scalia (1999) can be easy generalized to the present case. The function Iðl; tÞ may be
written in the formIðl; tÞ ¼ 1
2
Z t
0
Z
Bl
½q01 _uiðsÞ _uiðsÞ þ q02 _wiðsÞ _wiðsÞ þ ah2ðsÞ þ 2W ðUðsÞÞdvds
þ
Z t
0
Z s
0
Z
Bl
1
T 0
kijh;iðsÞh;jðsÞdvdsds; ðA:3Þand the following estimate holds trueIðl; tÞ 6 Ið0; tÞ exp  l
f ðtÞ
 
; t 2 ½0; s0 ðA:4Þwhere f ðtÞ > 0 for all t 2 ½0; s0. From (3.6), (A.1), (A.3) and (A.4) we obtain0 6 Jðl; tÞ ¼
Z 1
l
Iðn; tÞdn < 1; ðA:5Þand the relation (3.7).
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